A note on limit laws for minimal Cantor systems with infinite periodic spectrum by Durand, Fabien & Maass, Alejandro
HAL Id: hal-02465499
https://hal.archives-ouvertes.fr/hal-02465499
Submitted on 3 Feb 2020
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
A note on limit laws for minimal Cantor systems with
infinite periodic spectrum
Fabien Durand, Alejandro Maass
To cite this version:
Fabien Durand, Alejandro Maass. A note on limit laws for minimal Cantor systems with infinite
periodic spectrum. Discrete and Continuous Dynamical Systems - Series A, American Institute of
Mathematical Sciences, 2003, 9 (3), pp.745-750. ￿10.3934/dcds.2003.9.745￿. ￿hal-02465499￿
A NOTE ON LIMIT LAWS FOR MINIMAL CANTOR SYSTEMS WITH
INFINITE PERIODIC SPECTRUM
FABIEN DURAND AND ALEJANDRO MAASS
Abstrat. Reently in [L℄ the author proves that any distribution funtion an be obtained
as a limit law of return time for any ergodi aperiodi system. In this note we provide
an alternative onstrution, based on Bratteli-Vershik representations of systems, whih
works for any minimal Cantor system having an innite periodi spetrum. In partiular, it
provides a very simple onstrution for odometers.
1. Preliminaries
The study of limit laws of entrane and return times for dierent dynamial systems has been
undertaken in several works in the last deade, see for example [C℄, [HSV℄ and the referenes
therein. In most of these works exponential limit laws or pieewise linear funtions are obtained.
Reently Y. Laroix in [L℄ proved that for any ergodi aperiodi system, every distribution
funtion is a limit law of return times. The purpose of this paper is to show the same kind of
results but based on the representation of Cantor minimal systems by Bratteli-Vershik systems
following the same lines as [DM℄. We would like to understand how \natural" limit laws depend
on the partiular representation of the system. For minimal Cantor systems with an innite
periodi spetrum we obtain arbitrary limit laws of return time. Our proof is based on a simple
and expliit representation of the system from whih we an see limit laws. In some ases it is
very simple and expliit like odometers.
We reall (X;T ) is a Cantor dynamial system if X is a Cantor set, that is, it has a ountable
basis of open and losed sets (lopen sets) and no isolated points, and T : X ! X is an
homeomorphism.
The representation of Cantor minimal systems by means of ordered Bratteli diagrams has
been introdued in [HPS℄. It is a very nie way to desribe sequenes of nested Kakutani-
Rokhlin partitions whih provides a very eÆient study of return time in terms of matries
and ombinatoris of graphs. A Bratteli diagram is an innite graph (V;E) whih onsists of
a vertex set V and an edge set E, both of whih are divided into levels V = V
0
[ V
1
[    ,
E = E
1
[ E
2
[    and all levels are pairwise disjoint. The set V
0
is a singleton fv
0
g, and for
k  1, E
k
is the set of edges joining verties in V
k 1
to verties in V
k
. It is also required that
every vertex in V
k
is the \end-point" of some edge in E
k
for k  1, and an \initial-point" of
some edge in E
k+1
for k  0. By level k we will mean the subgraph onsisting of the verties
in V
k
[ V
k+1
and the edges E
k+1
between these verties. For every e 2 E
k
, s(e) 2 V
k 1
and
t(e) 2 V
k
are the starting and terminal verties of e respetively.
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An ordered Bratteli diagram B = (V;E;) is a Bratteli diagram (V;E) together with a partial
ordering  on E. Edges e and e
0
are omparable if and only if they have the same end-point.
We all su(e) the suessor of e with respet to this partial order when e is not a maximal
edge.
Let k < l in N n f0g and let E(k; l) be the set of all paths in the graph joining verties
of V
k 1
with verties of V
l
. The partial ordering of E indues another in E(k; l) given by
(e
k
; : : : ; e
l
)  (f
k
; : : : ; f
l
) if and only if there is k  i  l suh that e
j
= f
j
for i < j  l and
e
i
 f
i
(this is the lexiographial order).
Given a stritly inreasing sequene of integers (m
n
)
n0
with m
0
= 0 we dene the ontration
of B = (V;E;) (with respet to (m
n
)
n0
) as

(V
m
n
)
n0
; (E(m
n
+ 1;m
n+1
))
n0
;

;
where  is the order indued in eah set of edges E(m
n
+ 1;m
n+1
). The inverse operation of
ontrating is mirosoping (see [HPS℄).
Given an ordered Bratteli diagram B = (V;E;) we dene X
B
as the set of innite paths
(e
1
; e
2
;    ) starting in v
0
suh that for all i  1 the end-point of e
i
2 E
i
is the initial-
point of e
i+1
2 E
i+1
. We topologize X
B
by postulating a basis of open sets, namely the
family of ylinder sets [e
1
; e
2
; : : : ; e
k
℄ = f(f
1
; f
2
; : : :) 2 X
B
: f
i
= e
i
; for 1  i  k g : Eah
[e
1
; e
2
; : : : ; e
k
℄ is also losed, as is easily seen, and so we observe that X
B
is a ompat, totally
disonneted metrizable spae.
When there is a unique x = (x
1
; x
2
; : : :) 2 X
B
suh that x
i
is maximal for any i  1 and
a unique y = (y
1
; y
2
; : : :) 2 X
B
suh that y
i
is minimal for any i  1, we say that B =
(V;E;) is a properly ordered Bratteli diagram. Call these partiular points x
max
and x
min
respetively. In this ase we an dene a dynami V
B
over X
B
alled Vershik map. The
map V
B
is dened as follows: let (e
1
; e
2
; : : :) 2 X
B
n fx
max
g and let k  1 be the smallest
integer so that e
k
is not a maximal edge. Let f
k
be the suessor of e
k
and (f
1
; : : : ; f
k 1
)
be the unique minimal path in E
1;k 1
onneting v
0
with the initial point of f
k
. We set
V
B
(x) = (f
1
; : : : ; f
k 1
; f
k
; e
k+1
; : : :) and V
B
(x
max
) = x
min
. The dynamial system (X
B
; V
B
)
is alled Bratteli-Vershik system generated by B = (V;E;). The dynamial system indued
by any ontration of B is topologially onjugate to (X
B
; V
B
). In [HPS℄ it is proved that any
minimal Cantor system (X;T ) is topologially onjugate to a Bratteli-Vershik system (X
B
; V
B
).
We say that (X
B
; V
B
) is a Bratteli-Vershik representation of (X;T ).
Let (p
k
: k 2 N) be a sequene of positive integers. The inverse limit of the sequene of groups
(Z=p
1
   p
k
Z : k 2 N) endowed with the addition of 1 is alled odometer with base (p
k
: k 2 N).
These systems are minimal and uniquely ergodi. We say it is of onstant base if the sequene
(p
k
: k 2 N) is ultimately onstant. The lassial representation by Bratteli{Vershik systems
is given in left part of gure 2.
In this paper we will onsider the following onditions over the order of a Bratteli{Vershik
system whih will be appropriate for our purpose,
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Figure 1. a  1, t
1
; :::; t
k
 2, 
1
; :::; 
k
 1.
(H1) for every vertex i 2 V
1
there is a unique edge from v
0
to i;
(H2) 8n 2 N n f0g, 8i 2 V
n
= f1; :::; jV
n
jg, e = minff 2 E
n
: t(f) = ig ) s(e) = 1.
Given a Bratteli{Vershik system, there is a always a sequene of ontations suh that the
resulting (onjugate system) veries these onditions. So we will always assume that these
onditions are veried.
For a topologial Cantor dynamial system (X;T ) the periodi spetrum of T is the set of
integers p for whih there is a lopen set A  X suh that X = [
p 1
i=0
T
i
A and the sets
T
i
A; i 2 f0; :::; p  1g are pairwise disjoints.
2. Results
Given a Cantor minimal system (X;T ),  a T -invariant probability measure and U a lopen
(losed and open) subset of X , we dene for t  0, G
U
(t) = (fx 2 U : (U)
U
(x)  tg)=(U),
where 
U
(x) = infft > 0 : T
t
(x) 2 Ug. Sine the system is minimal and U is lopen there
exists a nite number of return times to U ,
^
t
1
; :::;
^
t
k
, and
G
U
(t) =
k
X
i=1
(U \ f
U
=
^
t
i
g)
(U)
1
ft(U)
^
t
i
g
:
In the gure, the numbers inside squares mean the number of paths joining the orresponding
verties. The following lemma shows our fundamental onstrution.
Lemma 2.1. Let (X
B
; V
B
) be a Bratteli-Vershik system where the diagram is given by gure
1 and the order satises onditions (H1-H2), and let  be a V
B
-invariant probability measure
on X
B
. Consider G : [0;+1)! [0; 1℄ the funtion dened by G(t) =
P
k
i=1

i
1
ftd
i
g
, where
(1) 
1
; :::; 
k
2 Q \ [0; 1℄ and
P
k
i=1

i
= 1,
(2) d
1
< ::: < d
k
in Q
+
and
P
k
i=1
d
i

i
= 1,
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(3) for i 2 f1; :::; k   1g
t
i
t
i+1
=
d
i
d
i+1
;

i

i+1
=

i

i+1
: (1)
If U is any ylinder set from v
0
to v
1
, or from v
0
to v
2
, then G
U
= G.
Proof. In this proof we use the notation in gure 1. Let U be a ylinder set from v
0
to v
1
,
the other ase is analogous. Notie the return times to U are
^
t
i
= a t
i
for i 2 f1; :::; kg. Sine
G
U
(t) = (1=(U))
P
k
i=1
(U \ f
U
=
^
t
i
g) 1
ft(U)
^
t
i
g
, then it is enough to show d
i
= (U) 
^
t
i
and 
i
= (U \ f
U
=
^
t
i
g)=(U) for i 2 f1; :::; kg.
We reall that, being  V
B
-invariant, the measure of any ylinder set generated by a path
starting in v
0
only depends on the last vertex of suh a path. The number of paths from v
1
to
u
1
and from v
2
to u
2
oinides, then

1
+ 
2
=
1
a 
P
k
j=1

j
t
j
and (U) = (
k
X
j=1

j
)(
1
+ 
2
) =
P
k
j=1

j
a
P
k
j=1

j
t
j
;
where 
j
is the measure of any path from v
0
to u
j
, j = 1; 2.
The points x 2 U suh that 
U
(x) =
^
t
i
are those passing by vertex w
i
and u
1
or u
2
, therefore,
(U \ f
U
=
^
t
i
g)
(U)
=
(
1
+ 
2
)
i
(U)
=

i
P
k
j=1

j
:
On the other hand
k
X
j=1

j
=
k
X
j=1

j

i

i
=

i

i
and
k
X
j=1

j
t
j
=
k
X
j=1

j

i

i
d
j
d
i
t
i
=

i

i

t
i
d
i
; (2)
i 2 f1; :::; kg. Hene (U \ f
U
=
^
t
i
g)=(U) = 
i
and (U)
^
t
i
= d
i
. This proves the lemma. 
Let F be the set of non-dereasing, right ontinuous funtions G : [0;+1) ! [0; 1℄ suh that
R
+1
0
(1   G(x))dx = 1. Let D  F be any dense set (for pointwise onvergene) of simple
funtions with rational oeÆients G : [0;+1) ! [0; 1℄ suh that G(t) =
P
k
j=1

j
1
ftd
j
g
,
where d
1
< ::: < d
k
,
P
k
i=1

i
= 1 and
P
k
i=1
d
i

i
= 1. For instane, we an onsider D = D(p)
to be the set of funtions suh that 
1
; :::; 
k
are in Q
+
(p) = f
k
p
m
: k 2 N; m 2 Ng, p  2. For
eah G 2 D, G(t) =
P
k
j=1

j
1
ftd
j
g
, we hoose 
1
; :::; 
k
2 N n f0g, t
1
; :::; t
k
2 N n f0; 1g suh
that

i

i+1
=

i

i+1
,
d
i
d
i+1
=
t
i
t
i+1
for i 2 f1; :::; kg. It is straightforward that this eletion an be
done. Now we assoiate to G the blok B
G
of gure 1.
Sine D is ountable, we an write D = fG
n
: n 2 Ng. We denote by B(D) = (V;E;) the
ordered Bratteli diagram onstruted as the onatenation of the bloks B
n
= B
G
n
(dened as
B
G
but with the parameters of G
n
), where the order veries onditions (H1-H2). Let us notie
that the system (X
B(D)
; V
B(D)
) is uniquely ergodi.
Corollary 2.2. If D = D(Q
+
(p)), then B(D) an be hosen to be an odometer in base p.
Proof. We only need to prove that for eah blok B
i
assoiated to G
i
2 D we an hoose
parameters (
j
)
k
j=1
and (t
j
)
k
j=1
satisfying onditions (1) for G
i
and suh that q
i
=
P
k
j=1

j
t
j
is a power of p.
Sine G
i
=
P
k
j=1
^

j
p
m
1
ft
^
d
j
=p
n
g
, where
^

j
;
^
d
j
2 N, then if we take 
j
= p
l
^

j
and t
j
= p
l
^
d
j
for
some l 2 N we onlude from equalities (2) that q
i
is a power of p. Moreover, B is an odometer
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Figure 2.
in base p. This fat an be obtained by the ontration of Bratteli diagrams shown in gure 2,
where 
i
=
P
k
i=1

i
. 
Let (U
n
: n 2 N) be any dereasing family of ylinder sets in X
B(D)
suh that G
U
n
= G
n
given
indutively by Lemma 2.1. Let x be the intersetion point. We notie tha it an be hosen to
be x
min
.
Remark 2.3. Sine D is dense, given G 2 F there exist (G
n
i
: i 2 N) in D onverging to
G pointwise, and then uniformly on eah losed interval where G is ontinuous. We onlude
lim
i!1
G
n
i
= lim
i!1
G
U
n
i
= G uniformly.
The order used in the onstrution of blok B
G
in gure 1 has not played any role up to now.
In fat, it only satises the general onditions (H1-H2). When the order is hosen to be from
left to right we obtain an odometer, where the base (q
i
)
i2N
is given by q
i
=
P
k
(i)
j=1

(i)
j
t
(i)
j
suh
that the 
(i)
j
; t
(i)
j
; k
(i)
are taken from B
G
i
. Other orders ould provide a Toeplitz subshift if
V
B(D)
is expansive sine B(D) is of Toeplitz type as an be seen from the haraterization in
[GJ℄.
Theorem 2.4. Let (X;T; ) be a minimal Cantor system with innite periodi spetrum and
x 2 X. Then there exist a dereasing sequene of lopen sets (U
i
: i 2 N) in X ontaining x,
suh that (\
i2N
U
i
) = 0, and for every G 2 F there is a subsequene (V
i
: i 2 N)  (U
i
: i 2 N)
for whih G
V
i
! G pointwise (and uniformly on eah losed interval of ontinuity of G) as
i!1. If (X;T; ) is an odometer then x = \
i2N
U
i
.
Proof. From the ondition on the periodi spetrum, we dedue that (X;T ) has an odometer
(Y; S) as a fator, whih base an be assumed to be (p
(1)
i
p
(2)
i
p
(3)
i
: i 2 N), p
(1)
i
p
(2)
i
p
(3)
i
<
p
(1)
i+1
p
(2)
i+1
p
(3)
i+1
for i 2 N, and p
(j)
i
goes to innity with i for eah, j = 1; 2; 3. First we onstrut
a Bratteli{Vershik representation of this odometer. Let R be the set of simple funtions with
rational oeÆients in F . Dene
DR =
8
<
:
G =
k
X
j=1
^

j
p
(1)
i
1
ft
^
d
j
=p
(2)
i
g
2 F : i; k;
^

j
;
^
d
j
2 N
9
=
;
:
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Standard approximation arguments show that DR is dense in R with respet to pointwise
onvergene. For eah G 2 R hoose a sequene (G
k
(G) : k 2 N)  DR onverging to
G. To eah G
k
(G) we assoiate in the natural way a triple (p
(1)
i
; p
(2)
i
; p
(3)
i
). Then we have
produed a set D = fG
k
(G) : k 2 N; G 2 Rg whih is dense in F with respet to pointwise
onvergene. Furthermore, we an assume that eah element of D is assoiated to a dierent
triple (p
(1)
i
; p
(2)
i
; p
(3)
i
) for some i 2 N, and that all triples are used. Let G
i
be the element of
D assoiated to this triple. If G
i
=
P
k
j=1
^

j
p
(1)
i
1
ft
^
d
j
=p
(2)
i
g
, then we onstrut the blok B
G
i
by
setting 
j
=
^

j
and t
j
= p
(3)
i
^
d
j
for eah j 2 f1; :::; kg. Therefore,
P
k
j=1

j
t
j
= p
(1)
i
p
(2)
i
p
(3)
i
.
This fat proves, that the Bratteli{Vershik system obtained from D using the bloks B
G
i
,
(X
B(D)
; V
B(D)
), is topologially onjugated to the odometer (Y; S).
Let (U
i
: i 2 N) be the dereasing sequene of ylinder sets ontaining x. We onlude, using
Remark 2.3 and Lemma 2.1, that for every G 2 F there is a dereasing sequene of ylinder
sets (V
i
: i 2 N)  (U
i
: i 2 N) in Y suh that G
V
i
onverges to G pointwise as i ! 1. To
nish we take the preimage of the sequene (V
i
: i 2 N) with respet to the fator map. It is
lear that return laws oinide. 
3. Conlusions
The result presented in this paper and the artile [L℄ shows that a work must done to enlight
the notion of harateristi sequene of dereasing sequenes of sets to be onsidered in order
to obtain the good limit laws for the system. Most of the time sets are hosen to be balls in the
respetive metri. A natural question is how the limit laws depend or not of the representation
of the system.
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